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Thank you Diego and thank you for the invitation in this working group. I will give you a brief one-hour introduction to the world of SAT.
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First, I will introduce the SAT problem and some of these applications. Then, we will examine some of the mechanisms of the SAT solvers.Finally, I will give you some examples of sat solvers.


The Boolean Satisfiability
Problem



Propositional formula

Definition
Let V be a finite set of Boolean valued variables. A propositional formula
on V is defined inductively as follows:

e each of the constants false, true is a propositional formula on V;

e if ¢ and ¢ are propositional formulas on V then —¢, ¢ A ¢,

oV Qo=@ & — ¢ are propositional formulas on V as well.

o An assignment on V) is any map from V to {false, true}
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Let V be a set of boolean variables. We define the propositional formula as follows: the true and false constants are propositional formulas on V. The following operations are valid. An assignment on V is any map from V to false, true.


Satisfiability

Definition
Let V be a finite set of Boolean variables and let ¢ be a propositional
formula on V.

e An assignment v on V is a satisfying assignment for ¢ if we have
v(¢) = true;

e The propositional formula ¢ is said satisfiable if there exists a
satisfying assignment for ¢.

e Deciding whether or not a propositional formula is satisfiable is
called the Boolean satisfiability problem, denoted by SAT.
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Conjunctive normal form

Literals
A literal (a, b, ...) is either a boolean variable x or this negation —x

Clauses
A clause C is a disjunction of literals i.e:

C=avbv.vz

Formula
A formula @ is a conjunction of Example
clauses i.e: d=(av-b)ran(-av-b)

P=CGAGA..AC,
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There are several ways to represent the propositional formula, the most commonly used being the conjunctive normal form. Indeed, SAT solvers take formulas in this format as input.


Resolution of a formula

Let ®; =(av-b)ran(-av-b)

Resolution
a —|b
a
—a —\b

Goal: Find an assignment of a and b such that each line is true v~
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Let's take the following formula phi1 as an example.We can see that the formula is in CNF format. We can also represent it in the following way, with one clause per line and a space between each literal.The objective here is to find an assignment of a and b, so that each line is true, which means that it contains a true literal.


Resolution of a formula

Let ®; =(av-b)ran(-av-b)

Resolution
a -bv
a v’
—a —\b

Goal: Find an assignment of a and b such that each line is true v~

a = True

b=7
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In this example, we must set the variable a to true, since otherwise the second line could never be true. The first and second lines became true. We now have to make a choice for the variable b.


Resolution of a formula

Let ®; =(av-b)ran(-av-b)

Resolution
a -bv
a v’
—-a —|b v’

Goal: Find an assignment of a and b such that each line is true v~

a = True
b = False
by is SAT ©
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Just put b to false and all the lines are true, so we have the formula phi1 which is sat.


Another resolution of a formula

Let &, = (av-b)AbA(-aVv-b)

Resolution
a —|b
—a —\b

Goal: Find an assignment of a and b such that each line is true v~

a="7"
b=7
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Take another example and let's try to do the same thing again.


Another resolution of a formula

Let &, = (av-b)AbA(-aVv-b)

Resolution
a b
b v
—a —\b

Goal: Find an assignment of a and b such that each line is True v~

a="7"7
b = True

9/60




In the same way as before, we must assign b to true, otherwise the second line can never be true.


Another resolution of a formula

Let &, = (av-b)AbA(-aVv-b)

Resolution
a -bx
b v’
—a —|b X

Goal: Find an assignment of a and b such that each line is True v~

a=0
b = True
5 is UNSAT @
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Except that there we have a problem. Indeed, to satisfy the first line, we would have to assign a true. To satisfy the third line, we would have to assign a false one. So there is no valid assignment, so we say that phi2 is not SAT, or more simply UNSAT.


Complexity and restricted versions

Complexity

o First known NP-complete problem, as proved by Stephen Cook in
1971 and Leonid Levin in 1973;

o Every decision problem in NP can be reduced to the SAT problem;

e Cook's reduction preserves the number of accepting answers.

Some restricted versions
e 3-SAT: each clause is limited to at most 3 literals -~ NP-complete
e 2-SAT: each clause is limited to at most 2 literals — Polynomial

o MAX-SAT: the problem of determining the maximum number of
clauses that can be made true by an assignment. -~ APX-Complete
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So we've defined what the SAT problem is, now let's talk a little bit about complexity. Levin and Cook independently discovered the existence of NP-complete problems using different methods.This means that all problems in the complexity class NP, which includes a wide range of natural decision and optimization problems, are at most as difficult to solve as SAT. There is no known algorithm that efficiently solves each SAT problem, and it is generally believed that no such algorithm exists; yet this belief has not been proven mathematically, and resolving the question of whether SAT has a polynomial-time algorithm is equivalent to the P versus NP problem, which is a famous open problem in the theory of computing. Let's talk a little more about MAX-SAT. 


Complexity and restricted versions

Some resctricted versions
e 3-SAT: each clause is limited to at most 3 literals —~ NP-complete
o 2-SAT: each clause is limited to at most 2 literals - Polynomial

o MAX-SAT: the problem of determining the maximum number of
clauses that can be made true by an assignment. -~ APX-Complete

MAX-SAT
(Z) = (XO VX1) A (XO \% —|X1) N (—‘XO \/X1) A (—|X0 \% —|X1)

¢ is not satisfiable ®. However, there exists an assignation of ¢ s.t 3 of 4
clauses are true.

Therefore, if this formula is given as an instance of the MAX-SAT
problem, the solution to the problem is 3 ©.
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In brief, the class APX (an abbreviation of "approximable") is the set of NP optimization problems that allow polynomial-time approximation algorithms with approximation ratio bounded by a constant .In fact, all the possible assignments of the variables allow to make 3 clauses true.


Applications




Example of a application (in real life)

The Sudoku problem

5/3 7
6 1/9|5
98 6
8 6 3
4 8 3 1
7 2 6
6 2|8
4/1|9 5
8 719

Figure 1: A typical Sudoku puzzle

Rules
The objective is to fill a 9x9 grid with digits so that each column, each

row, and each of the nine 3x3 subgrids that compose the grid contain all

of the digits from 1 to 9.
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Now that we have well defined the SAT problem, let's discuss some of its applications.



Let's take a well-known example from everyday life, sudoku. Although this problem may seem complicated at first sight, it is easy to solve it using SAT, and we will see how. The rules are simple: the grid must be filled in such a way that each row, column and sub-grid contains all the numbers from 1 to 9. It's the simplicity of these rules that makes it a good example for SAT.


Reduce Sudoku to SAT
Goal: Reduce an instante of Sudoku to an instance (formula) ¢¢ of SAT

Rules

o Definedness: each cell, each row, each column and each block
having at least one number from 1 to n;

e Uniqueness: same but with at most one number from 1 to n.
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Indeed, these rules can be divided into two subparts. First we must make sure that each cell, row, column and subgrid contains at least 1 number from 1 to 9, and that they do not contain more than one, otherwise the solution would not be valid.


Rules

e Definedness: each cell, each row, each column and each sub-grid
having at least one number from 1 to n;

e Uniqueness: same but with at most one number from 1 to n.

Variable sy, is assigned true iff the entry in row x and column y is
assigned to number z.

Definedness Uniqueness
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First, let's define a variable representing the value of each cell. We define sxyz to true iff the cell at row x and colomn y is assigned to the number z. Now that we have that, the goal here is to ensure that all Sudoku rules are translated into CNF. For example, for each cell, we define that there is one number, but also that there are not two different ones. For the lines it's the same. For each column and for each number, there is a row for which the variable is true. However, there are not two of them, we can be sure of this with the formula here. And we go on like this until we've made all the rules, we're not going to detail everything here because it's not very important and I think you've understood how it works.


Rules

e Definedness: each cell, each row, each column and each sub-grid
having at least one number from 1 to n;

e Uniqueness: same but with at most one number from 1 to n.

Variable sy, is assigned true iff the entry in row x and column y is
assigned to number z.

‘ Definedness ‘ Uniqueness

9 9 9 9 9 8 9
Cell ‘ /\X:1 /\y:I \/z:1 Sxyz ‘ /\x:1 /\y:1 /\2:1 /\i:z+1(_‘5xyz \ _‘Sxyi)
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First, let's define a variable representing the value of each cell. We define sxyz to true iff the cell at row x and colomn y is assigned to the number z. Now that we have that, the goal here is to ensure that all Sudoku rules are translated into CNF. For example, for each cell, we define that there is one number, but also that there are not two different ones. For the lines it's the same. For each column and for each number, there is a row for which the variable is true. However, there are not two of them, we can be sure of this with the formula here. And we go on like this until we've made all the rules, we're not going to detail everything here because it's not very important and I think you've understood how it works.


Rules

e Definedness: each cell, each row, each column and each sub-grid
having at least one number from 1 to n;

e Uniqueness: same but with at most one number from 1 to n.

Variable sy, is assigned true iff the entry in row x and column y is
assigned to number z.

Definedness Uniqueness
9 9 9 9 9 8 9
Cell /\X:1 /\y:I \/z:1 Sxyz /\x:1 /\y:1 /\2:1 /\i:z+1(_‘5xyz \ _‘Sxyi)
9 9 9 9 9 8 9
Row /\y:I /\2:1 \/X:1 S><yz /\y:1 /\2:1 /\X:1 /\i:x+1(_‘5xyz \ ﬂsiyz)
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First, let's define a variable representing the value of each cell. We define sxyz to true iff the cell at row x and colomn y is assigned to the number z. Now that we have that, the goal here is to ensure that all Sudoku rules are translated into CNF. For example, for each cell, we define that there is one number, but also that there are not two different ones. For the lines it's the same. For each column and for each number, there is a row for which the variable is true. However, there are not two of them, we can be sure of this with the formula here. And we go on like this until we've made all the rules, we're not going to detail everything here because it's not very important and I think you've understood how it works.


Rules

e Definedness: each cell, each row, each column and each sub-grid
having at least one number from 1 to n;

e Uniqueness: same but with at most one number from 1 to n.

Variable sy, is assigned true iff the entry in row x and column y is
assigned to number z.

Definedness Uniqueness
Cell Ay-y /\3:1 Ve Sxyz Ayet /\3:1 MR (=Sxyz V =Sxyi)
Row /\}9/:1 Mgy Vi Sxyz /\?/:1 Aot Nd A (=Sxyz V —Siyz)
Column | AZi A2-1 Vi1 oz | Act Azet Ajor Alyin (82 V =54iz)
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First, let's define a variable representing the value of each cell. We define sxyz to true iff the cell at row x and colomn y is assigned to the number z. Now that we have that, the goal here is to ensure that all Sudoku rules are translated into CNF. For example, for each cell, we define that there is one number, but also that there are not two different ones. For the lines it's the same. For each column and for each number, there is a row for which the variable is true. However, there are not two of them, we can be sure of this with the formula here. And we go on like this until we've made all the rules, we're not going to detail everything here because it's not very important and I think you've understood how it works.


Rules

e Definedness: each cell, each row, each column and each sub-grid
having at least one number from 1 to n;

e Uniqueness: same but with at most one number from 1 to n.

Variable sy, is assigned true iff the entry in row x and column y is
assigned to number z.

Definedness

Uniqueness

9 9 9 9 9 8 9
Cell /\X:1 /\y:I \/z:1 Sxyz /\x:1 /\y:1 /\2:1 /\i:z+1(_‘5xyz \ _‘Sxyi)
9 9 9 9 9 8 9
Row /\y:I /\2:1 \/X:1 S><yz /\y:1 /\2:1 /\X:1 /\i:x+1(_‘5xyz \ ﬂsiyz)
9 9 9 9 9 8 9
Column /\x=1 /\z=1 \/y=1 Sxyz /\x=1 /\z=1 /\y=1 /\i=y+1(_‘5xyz v _‘Sxiz)
Sub-grid | AZ, /\12=0 A, /\3=1 Not enough space to write it down

Voo S(3i+x) (3j+y)z but you have the idea ®

Table 1: Rule table
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First, let's define a variable representing the value of each cell. We define sxyz to true iff the cell at row x and colomn y is assigned to the number z. Now that we have that, the goal here is to ensure that all Sudoku rules are translated into CNF. For example, for each cell, we define that there is one number, but also that there are not two different ones. For the lines it's the same. For each column and for each number, there is a row for which the variable is true. However, there are not two of them, we can be sure of this with the formula here. And we go on like this until we've made all the rules, we're not going to detail everything here because it's not very important and I think you've understood how it works.


What do we get ?

The same Soduko problem solved

5/3/4|6(/7|8|9|1]|2
6/7/2[(1|9/5(3|4|8
1/9/8|3/4/2|5/6|7
8/5/9(7|6/1(4|2|3
4/2|/6(8|5/3|7|9]|1
711/3[9]/2/4|8|5|6
9/6/1(5/3|7|2|8|4
2/8|7|4|1]|9]|6/3|5
3/4/5/2/8/6|1/7|9

Figure 2: A typical Sudoku puzzle

Steps
1. Create the SAT formula using the different rules seen above;
2. Give this formula to a SAT solver;

3. Interpreting the result (i.e sj34 = true means there is a 4 in the 1%
line and 3™ column.) 16/60




And so what do we have in summary. We analyze our problem, we come up with rules and we transform them into CNF. Then we give this formula to a SAT solver and then we interpret the result. Indeed, the sat solver will give us a file and in it we can have for example s134 = true, which means that we have a 4 in the first row and the 3rd column.


Tseytin tranformation

Problem
How to transform any logical formula into CNF?

The tseytin transformation
Consider the following formula &:

d=((pvag)Ar)—(-s)

Consider all subformulas (without variables):

pVvq
(pvaq)nr)
((pva)nr)—(-s)
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In the previous example, we were lucky and it was easy to write the formulas in CNF. How can we do it when it is not? We can use the Tseytin transformation which works like this.This time we consider the following formula, and we can see that it is not in CNF (which consists of a disjunction conjunction for reminder).Let's cut our formula into sub-formulas.


Tseytin tranformation

o= ((pva)rr) > (=)

Introduce a new variable for each subformula:
X1 <> S
X2 pVvVgqg
X3 <> Xo AT

X4 <> X3 = X1
Conjunct all substitutions:

xah(xqg < x3>x1)Ag3 o xaAr)A(x2 < pVvg)A(xg < —s)
All substitutions can be transformed into CNF, e.g:

o pvqa=(e—>(pvae)r((pva)—>x)
= (e vpvg)r((-pAr-q) V)
=(-xVvpVg)A(=pVvx2)A(=gVx)
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Now, for each sub-formula, a new variable is introduced as follows.For example, we have x1 equivalent to non s in the first line and we do this every time.We then make a conjunction of all these new sub-formulas.Thereafter, each new sub-formula can be transformed into a CNF by DeMorgan's laws and distributivity laws.For example, x2 equivalent to p or q is the same as x2 implies p or q and p or q implies x2. one can then remove the implication by using the transposition rule a implies b equivalent to no a or b.We continue with the logical operations and arrive at a sub-formula in CNF format. Just apply this method to all the sub-formulas and we have our total formula in CNF.


Polynomial-time Reduction

Definition
Problem Y is polynomial-time reductible to problem X if arbitraty

instances of problem Y cans be solved using:

o Polynomial number of standard computational steps;

e Polynomial number of calls to the algorithm that solves problem X.

We note that Y <, X

Consequences of Y <, X

e if X can be solved in polynomial-time, then Y can alors be solved in

polynomiam time;

e If Y cannot be solved in polynomial-time, then X cannot be solved in

polynomial time.
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Now that we have seen an example of solving a practical problem with SAT, we will see how to use SAT to show that a problem is NP-complete. A polynomial-time reduction proves that the first problem is no more difficult than the second one, because whenever an efficient algorithm exists for the second problem, one exists for the first problem as well. Similary, if no efficient algorithm exists for the first problem, none exists for the second either.


3-SAT is reductible to Independent Set

Claim
3-SAT <, INDEPENDENT-SET

Proof
Given an instance ® of 3-SAT, we construct an instance (G,K) of

INDEPENDENT-SET that has an independent set of size k iff ¢ is
satisfiable.
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So we will take the known example of the Independent Set and we will try to reduce SAT to this problem. As a reminder, in graph theory, an independent set is a set of vertices in a graph, two of which are not adjacent.


3-SAT is reductible to Independent Set

Claim
3-SAT <, INDEPENDENT-SET

Construction
e G contains 3 vertices for each clause, one for each literal;
e Connect the 3 literals in a clause in a triangle;

e Connect literal to each of its negations.

b = (—\Xl V X2 \/X3) A (X1 V X2 VX3) A (—\X1 V X2 V —‘X3)
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Let's take the formula Phi here and try to make a construction from it. First, we create a graph by adding one vertex per literal. Since we are in 3-SAT, and therefore the clauses are size 3, we create 3 vertices per clause. Then, we connect these three vertices into a triangle. And finally, we connect each literal to its negation.


3-SAT is reductible to Independent Set

Claim
3-SAT <, INDEPENDENT-SET

Proof of if-part
Let s be independent set of size k.

e S must contrain exactly one vertex in each triangle;
e Set these literals to true;

e Truth assignment is consistent and all clauses are satisfied.

o = (—\X1 V X2 \/X3) A (X1 V X2 \/X3) A (—\X1 V X2 V —\X3)
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Now that we have our construction, we will prove the first meaning of our equivalence, i.e. if we have an independent set S of size k, then phi is satisfiable. Since S is independent, at most one node in each triangle must be used by S. But in fact, since there are exactly m triangle ,S must contain exactly one node from each triangle. Since S is independent, no pair of nodes xi and not xi are ever both selected for S. Consider the following assignment. SetA(xi) =TifxiS and setA(xi) =F otherwise. Observe that this is a truth assignment, since all variables are assigned either T or F, but not both. Furthermore,A satisfies F, since by our construction,A satisfies each clause.


3-SAT is reductible to Independent Set

Claim
3-SAT <, INDEPENDENT-SET

Proof of only-if part
Given satisfying assignment, select one true literals from each triangle.

This is an independent set of size k.

b = (—\Xl V X2 \/X3) A (X1 V X2 VX3) A (—\X1 V X2 V —‘X3)
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We must now show that this algorithm correctly determines whether or not we have a satisfying assignment. Suppose we have one and called it A. Then at least one variable in each clause is satisfied by A. Define S to be a set of nodes inGfound by selecting one of the satisfied variable nodes in each triangle. Since we picked one node for each clause, there are clearly m vertex in S. Furthermore, since we only select a single vertex for each triangle, independence is not violated within any triangle .Finally, independence is not violated between clauses, since the only edges between clauses go between nodes with labels xi and not xi, and A can not have satisfied both of these, so we never would have selected both. Therefore S is an independent set of size k.


Many other applications

Example of applications
o Cryptography;
o Planification;

o Resolving software package dependencies
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How do SAT solvers work?




The naive method

Using a truth table
The most obvious way to solve a SAT problem is to go through the truth

table of the problem.

Example

®=(avb)A(-av-b)

a ‘ b ‘avb‘ﬁavﬁb‘ )

true | true | true false false
true | false | true true true
false | true true true true
false | false | false true false

= Complexity : 0(2")
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The DPLL algorithm (1962)

The Davis—Putnam—Logemann—Loveland (DPLL) algorithm is a
complete, backtracking-based search algorithm for deciding the
satisfiability of propositional logic formulae ¢
Major innovations

e Unit propagation

o Pure literal elimination

e Backtracking
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Unit propagation

Unit propagation
If a clause is a unit clause, i.e. it contains only a single literal /, We can

apply the following two rules:

o Every clause (other than the unit clause itself) containing / is
removed;

e in every clause that contains —/, this literal is deleted.

Example

d=(avb)Ar(-avc)a(-cvd)nra

avb
—ave The following set of clauses can be
cvd simplified by unit propagation

5 because it contains the unit clause a.
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Unit propagation

Unit propagation
If a clause is a unit clause, i.e. it contains only a single literal /, We can

apply the following two rules:

o Every clause (other than the unit clause itself) containing / is
removed;

e in every clause that contains —/, this literal is deleted.

Example
avb
_av The following set of clauses can be
cvd simplified by unit propagation
5 because it contains the unit clause a.
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Unit propagation

Unit propagation
If a clause is a unit clause, i.e. it contains only a single literal /, We can

apply the following two rules:

o Every clause (other than the unit clause itself) containing / is
removed:;

e in every clause that contains —/, this literal is deleted.

Example
© The following set of clauses can be
~cvd simplified by unit propagation
a

because it contains the unit clause c.
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Unit propagation

Unit propagation
If a clause is a unit clause, i.e. it contains only a single literal /, We can

apply the following two rules:

o Every clause (other than the unit clause itself) containing / is
removed:;

e in every clause that contains —/, this literal is deleted.
Example
The following set of clauses can be

simplified by unit propagation
because it contains the unit clause c.
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Pure literal elimination

Pure literal elimination
If a literal / occurs with only one polarity in the formula, it is called pure.

Pure literals can always be assigned in a way that makes all clauses
containing them true.

Example
¢=(avb)r(-avec)a(-cvdvb)ra

We have the following variable

avb assignment:
-avc
—evdvhb b= True d = True
B a = True c = True
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Backtracking

Let's take the following formula ®, represented by a set of clauses :

avbvce
av-bv-c
avbv-c
-av-bvc
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Backtracking

Action taken
First of all, we choose arbitrarily a variable
avbvc
av-bv-c
avbv-c
—av-abvce
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Backtracking

Action taken
We make a choice, the variable takes the value 0. Some clauses become

true V.

avbvc
av-bv-c 0
avbv-c
—aVv-bvc Vv
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Backtracking

Action taken
After severals decisions, we have a conflict conflit x

avbvcx
av-bv-cv’
avbv-cv’
—aVv-bvc Vv’
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Backtracking

Action taken
We make an backtrack to the upper level and try to assign the variable

by the opposite value.

avbvcecv’
av-bv-cv’
avbv-cx
—aVv-bvc Vv
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Backtracking

Action taken
Actions are repeated until all clauses are true or have gone through the

tree.

avbv-cv’
av-bv-c

avbv-cv’

—aVv-bvc Vv
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Backtracking

Action taken
Actions are repeated until all clauses are true or have gone through the

tree.

avbv-cv’
av-abv-cv’
avbv-cv’
—av-bvcec Vv

©
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DPLL algorithm

Satisfiability

e To prove the satisfiability, it is enough to find an assignment of the
variables valid.

e To prove the non-satisfiability, one must go through the tree
entirely.

1: function DPLL(a set of clause ®)

2 if ® is a consistent set of literals then
3 return true;

4: end if

5. if ® contains an empty clause then

6 return false;

7 end if

8: for every unit clause L in ¢ do

9: ® < unit-propagate(L, );

10: end for

11:  for every literal I that occurs pure in & do
12: D <—pure-literal-assign(l, ®);

13: end for

14: 1 « choose-literal (®);

15:  return DPLL(® A7) or DPLL(® A 1));

16: end function
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Algorithme CDCL (conflict-driven clause learni

Innovations

e Learning phase : Thanks to the resolution rule, we can create new
clauses, which are called learned clauses
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Resolution rule [Robinson '65]

Let C; and G two clauses such that:

Ci=avbvevd
G=-dvevf

We apply the resolution rule on d:

C1 G

| —— | | |
(avbvevd)an(-dvevr)
Favbvcvevf
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Resolution rule [Robinson '65]

More formally,
Let C; and G, be two clauses, the resolution rule gives us:

(Cl \/X)/\(CQV—\X)I—C1VC2

We call C; v G the resolvent of C; v x and G v —x.
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Resolution rule [Robinson '65]

More formally,
Let C; and G, be two clauses, the resolution rule gives us:

(Gv)A(GVv-x)FC Vv G

We call C; v G the resolvent of C; v x and G v —x.

C1VC2

7N

Civx G Vv -x

Figure 3: Graphical representation of the resolution
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Algorithme CDCL (conflict-driven clause learni

Innovations

e Learning phase : Thanks to the resolution rule, we can create new

clauses, which are called learned clauses;

e non-chronological backtracking : It becomes possible to go back to
a decision more old than the last decision;

e restarts: It is permitted for the solver to start the search again at

any time.
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modern SAT solvers

®: set of initials clauses
> : set of learnts clauses.

Algorithm 1 modern SAT solvers

While o ¢ ¢ U X do
C « learntClause()
>=>uC
If Full(Z) Then
A = DeleteClause(X)
T-T\A
End If
End While
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Our work




Sequence of resolution with a graph representation

Formula
Let ®=C A G A A Gy, st Vie[l..11], G any clause.

GGG |G| |G| |G| |G| |CG||G||Gol||Cu
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Sequence of resolution with a graph representation

™

GGG |G| |G| |G| |G| |CG||G||Col|Cu
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Sequence of resolution with a graph representation

Cio

™

GGG |G| |G| |G| |G| |C||G||Col|Cu
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Sequence of resolution with a graph representation

GGG |G| |G| |G| |G| |G| |G||Col|Cu
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Sequence of resolution with a graph representation

Cio Cia

GGG |G| |G| |G| |G| |G| |G||Col|Cu

50/60



Sequence of resolution with a graph representation

Cis

C12 C14

AN [\

GGG |G| |G| |G| |G| |C||G||Col|Cu
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Sequence of resolution with a graph representation

Cis

/

Cio > Ci3 Cia

SN TN [\

GGG |G| |G| |G| |G| |C||G||Col|Cu
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Sequence of resolution with a graph representation

Gs Cis

/

Cio > Ci3 Cia

SN TN [\

GGG |G| |G| |G| |G| |C||G||Col|Cu
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Sequence of resolution with a graph representation

T

Cis Cis

GG |GG |G| |G| |G| |G| |G||Gol|Cu
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Resolution graph

Definition

The resolution graph is a directed acyclic graph (or DAG) such that:
e Leaves are initials clauses;
o Internal nodes are learnts clauses;

e The root is the empty clause.

G 5 C16

We call it the proof produced by the SAT solver.
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Representation of a real proof

~ : Information

Formula

# clauses:
55585

# variables:
50076

Conflicts

# conflicts:
59792

CPU time: 6s

Graph

# vertices:
Figure 4: Force-Directed layout of the Dependency 51274

Graph for the benchmark een-pico-prop-05. The # edges:
960620

color shows the degree of each node.
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Examples of SAT solvers




Pysat: A toolkit for SAT-based prototyping in Python

PySAT
PySAT is a Python (2.7, 3.44) toolkit, which aims at providing a simple

and unified interface to a number of state-of-art SAT solvers.

Pros:
e In Python;
e Great documentation;

e Easy to install (pipinstallpython — SAT)

(Major) Cons:

e Less powerful than other solvers
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Pysat: A toolkit for SAT-based prototyping in Python

>>> from pysat.solvers import Glucose3
>>>

>>> g = Glucose3()

>>> g.add_clause([-1, 2
>>> g.add_clause([-2, 3
>>> print g.solve()

>>> print g.get_model()

1)
1

True
[_11 _21 _3]

Figure 5: Trivial example using PySAT
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Glucose

Glucose
Glucose is a winning award SAT solvers developped in LaBRI and CRIL

by Laurent Simon and Gilles Audemard.

Pros:
e Developped in LaBRI ®
o Powerful;

e Relatively easy to implement.
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Glucose

-/glucose ~/Desktop/These/Benchs-POS14/2088-satrace/satelited/een—pico-prope5-75.satelited.cnf.gz

This is glucose 4.0 — based on MiniSAT (Many thanks to MiniSAT team)

Problem Statistics

Number of variables:
Number of clauses:
Parse time:

Preprocesing is fully done
Eliminated clauses:
Simplification time:

MAGIC CONSTANTS
Constants are supposed to work well together :-
however, if you find better choices, please let us known...

Adapt dynamically the solver after 180888 conflicts (restarts, reduction strategies.

— Minimize Asserting:
* size <
*1bd < 6

— Restarts:
* LBD Queue
* Trail Queue

|
| - Reduce Clause DB:

| * First : 2008
| = Inc 1 see

| % Special : 1800

* R | =+ Protected : (lbd)< 3@
|

Search Statistics (every 1000 conflicts) ]

| ORIGINAL LEARNT | Progress
LBD2 Removed

RESTARTS |
Clauses Literals | Red Learnts

Blocked Avg Gfc |  Vars

18131 87321 328068 5160 2076 4716

|
18119 87238 327836 | 8927 3811 16918
18113 87198 327772 | 18921 5193 18918
18111 87186 327748 | 19562 5975 20285
18188 87165 327694 | 29479 6770 20285
18108 87165 327694 | 26139 7200 33625
18185 87148 327621 | 35430 7494 33625

418

restarts 451 (167 conflicts in avg)
blocked restarts 419 (multiple: 149)

last block at restart : 451

nb ReduceDd 5

nb removed Clauses 33625

nb learnts DL2 7613

nb learnts size 2 2311

nb learnts size 1 72

conflicts 75590 (28861 /sec)
decisions 338134 (.90 % random) (129101 /sec)
propagations 22747444 (8685868 /sec)

nb reduced Clauses 4211

CPU time 2.61914 s

UNSATISFIABLE




Conclusion




Thank you !
Questions 7 ©
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